Existence Theorems of Solutions for Generalized Quasi-variational Inequalities, a Minimax Theorem, and a Section Theorem in the Spaces without Linear Structure  by Wu, Xian
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 220, 495]507 1998
ARTICLE NO. AY975828
Existence Theorems of Solutions for Generalized
Quasi-variational Inequalities, a Minimax
Theorem, and a Section Theorem in the
Spaces without Linear Structure*
Xian Wu
Department of Mathematics, Yunnan Normal Uni¨ ersity, Kunming, Yunnan, 650092,
People’s Republic of China
Submitted by Arrigo Cellina
Received March 17, 1997
In this paper, by using particular techniques, two existence theorems of solutions
for generalized quasi-variational inequalities, a minimax theorem, and a section
theorem in the spaces without linear structure are established; and finally, a new
coincidence theorem in locally convex spaces is obtained. Q 1998 Academic Press
1. INTRODUCTION AND PRELIMINARIES
w xIn 1968, Browder 2 proved the following existence theorem of solutions
for quasi-variational inequalities, which improved and developed corre-
w xsponding work of Aubin and Ekeland 1 :
THEOREM A. Let E be a locally con¨ex Hausdorff topological ¨ector
space, K a compact con¨ex subset of E, T an upper semicontinuous multi¨ al-
 .ued mapping of K into E* the conjugate space of E such that for each
 .x g K, T x is a nonempty compact con¨ex subset of E*. Then there exists an
 .element u g K and an element w g T u such that0 0 0
 :w , u y u G 00 0
for all u g K.
* Supported by Foundation of Yunnan Sci. Tech. Commission and Foundation of Yunnan
Educational Commission.
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Since then, many mathematicians have gone further into the question
for generalized quasi-variational inequality in topological vector spaces
 w x w x w x.for example, see also Shi and Tan 20 , Kim 16 , and Chang 3 .
w xIn 1980, Ha 12 proved the following minimax theorem and section
theorem; the former improved and developed the famous von Neumann
w xminimax inequality and differs from Sion's minimax theorem 19 and the
w xlatter contained Fan's section theorem 6 :
THEOREM B. Let E and F be Hausdorff topological ¨ector spaces, X ; E,
Y ; F be nonempty con¨ex subsets. If f is a lower semicontinuous real-¨ alued
function defined on Y = Y such that
 .  .a for each x g X, f x, y is quasi-conca¨ e on Y,
 .  .b for each y g Y, f x, y is quasi-con¨ ex on X,
then
inf sup f x , y s inf sup min f x , y , .  .
xgX K;X xgKygY ygY
where the infimum on the right-hand side of the abo¨e formula is taken o¨er
all compact con¨ex subsets K of X.
If , in addition, X is compact, then
min sup f x , y s sup min f x , y . .  .
xgX xgXygY ygY
THEOREM C. Let E, F be Hausdorff topological ¨ector spaces, X ; E,
Y ; F be nonempty con¨ex subsets, and let A ; X = Y be a subset such that
 .   . 4a for each y g Y, the set x g X : x, y g A is closed in X ;
 .   . 4b for each x g X, the set y g Y: x, y f A is con¨ex or empty.
Suppose that there exists a subset B of A and a compact con¨ex subset K of
X such that B is closed in X = Y and
 .   . 4c for each y g Y, the set x g K : x, y g B is nonempty and
con¨ex.
 4Then there exists a point x g K such that x = Y ; A.0 0
In recent years, many mathematicians have tried to generalize the above
three theorems to H-spaces without any linear structure. But, up to the
 w x.present, there are no ideal results such as 17, 4 .
In this paper, by using some particular techniques we not only general-
ize the above three theorems to H-spaces, successfully, but also another
existence theorem of solutions for generalized quasi-variational inequali-
ties and a new coincidence theorem are established.
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In order to establish our main results, we first give some concepts and
notations.
To begin with we explain the notion of a convex space, a H-space, and
some related notions.
A convex space X is a nonempty convex subset of a real vector space
with any topology that induces the Euclidean topology on the convex hulls
of its finite subsets. Such convex hulls will be called polytopes. Clearly,
every nonempty convex subset of a topological vector space is a convex
space. However, a convex space need not be a subset of a topological
vector space.
ÏA topological space is called acyclic if all of its reduced Cech homology
groups over rationals vanish. In particular, any contractible space is acyclic,
and thus any nonempty convex or star-shaped set is acyclic.
 .Let X be a topological space and F X the family of all nonempty
 4finite subsets of X. Let G be a family of nonempty contractible subsetsA
 .of X indexed by A g F X such that G ; G whenever A ; A9. TheA A9
  4.   4.pair X, G is called a H-space. Given a H-space X, G , a nonemptyA A
subset D of X is called H-convex if G ; D for each nonempty finiteA
subset A of D. For a nonempty subset K of X, we define the H-convex
hull of K, denoted by H-co K as
 4H-co K s F D ; X : D is H-convex and D > K
 w x.see also, 8]10 .
In this paper, all topological spaces are assumed to be Hausdorff. Let X
be a nonempty set; we denote by 2 X the family of all subsets of X. If
A ; X, we shall denote by A the closure of A and by int A the interior of
A. If A is a nonempty subset of a topological vector space E, we shall
denote by co A the convex hull of A and by co A the closed convex hull
of A.
Let X, Y be two topological spaces, T : X ª 2Y a multivalued mapping,
 4and f : X = Y ª R j y`, q` a function.
 .1 T is said to be upper semicontinuous if for each x g X and each
 .open set V in Y with T x ; V, there exists an open neighborhood U of x
 .in X such that T z ; V for each z g U;
 .2 T is said to have the local intersection property if x g X such
 .  .that T x / B, then there exists an open neighborhood N x of x such
 .that F T z / B;z g N x .
 .3 T is said to have open lower sections if for each y g Y, the set
y1 .   .4T y s x g X : y g T x is open in X ;
 .4 T is said to be lower semicontinuous if for each x g X and each
 .open set V in Y with T x l V / B, there exists an open neighborhood U
 .of x in X such that T z l V / B for each z g U;
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 .  .  .5 f x, y is said to be W-lower or, W-upper semicontinuous in y
  . 4 if for each y g Y and each r g R with x g X : f x, y ) r / B or,
  . 4 . x g X : f x, y - r / B , there exists x9 g X such that y g int z g Y:
 . 4    . 4.f x9, z ) r or, y g int z g Y: f x9, z - r .
 .  .  .Obviously, if f x, y is lower upper semicontinuous in y, then f x, y
 .is W-lower upper semicontinuous in y. Moreover, if T has open lower
sections, then T has the local intersection property.
 4A family D : a g I of some subsets of a topological space X is calleda
closed transfer complete if x g X such that x f D for some a g I,a 00
 4then there exists a 9 g I such that x f D . Obviously, if D : a g I is aa 9 a
family of some closed subsets of X, then it is closed transfer complete.
  4.Let X, G be a H-space and f : X ª R a function. f is calledA
 .H-quasi-convex or, H-quasi-concave if for each r g R, the set
x g X : f x F r or, x g X : f x G r 4  4 .  . .
is H-convex.
The following Lemma 1 will be the basic tool for our purpose, which is
w xequivalent to Theorem 3.1 in 5 . In order to bring this paper to comple-
tion, we give its proof, too.
LEMMA 1. Let X be a nonempty compact subset of a topological space Z
  4. Y Xand Y, G a H-space. Suppose that G, F: Z ª 2 , T : Y ª 2 areA
multi¨ alued mappings such that
 .  .  .  .i for each x g X, G x / B and H-co G x ; F x ,
 .ii G has the local intersection property on X,
 .  .iii T is upper semicontinuous and for each y g Y, T y is a closed
acyclic subset of X.
 .Then there exists a point x g X and a point y g Y such that x g T y and0 0 0 0
 .y g F x .0 0
w xProof. By Theorem 2.2 of 21 , there exists a continuous selection f :
<X ª Y of F such that f s g (c , where g : D ª Y and c : X ª D areX n n
continuous mappings, n is some positive integer, and D is the standardn
 . w  .xn-dimensional simplex. For each u g D , let S u s T g u . Then S:n
D ª 2 X is an upper semicontinuous multivalued mapping with compactn
 .acyclic values by iii and the continuity of g. Since again c : X ª D is an
w  .xcontinuous mapping, there exists a point u g D such that u g c S u0 n 0 0
w x  . w  .xby Lemma 2.1 in 17 , i.e., there is a point x g S u s T g u such that0 0 0
 .  . w  .x  .  .u s c x . Let y s g u . Then y s g c x s f x g F x and x0 0 0 0 0 0 0 0 0
 .g T y . This completes the proof.0
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If X s Y is a compact H-space and T s I is the identity mapping on X,
then Lemma 1 reduces to the following Lemma 2, which contains Corol-
w xlary 2.3 of Tarafdar 21 .
  4. XLEMMA 2. Let X, G be a compact H-space and G, F: X ª 2 twoA
multi¨ alued mappings such that
 .  .  .  .i for each x g X, G x / B and H-co G x ; F x ,
 .ii G has local intersection property on X.
 .Then there exists a point x g X such that x g F x .0 0 0
2. GENERALIZED QUASI-VARIATIONAL INEQUALITIES
  4.THEOREM 1. Let X, G be a compact H-space and Y a HausdorffA
topological space. Let T : X ª 2Y be an upper semicontinuous multi¨ alued
mapping with nonempty compact ¨alues. If an upper semicontinuous function
w : X = Y = X ª R such that
 .  .i w x, y, z is H-quasicon¨ ex in z,
 .  .   .  . 4ii for each x, z g X = X, the set y g T x : w x, y, z G 0 is
acyclic,
 .  .  .iii for each x g X, there exists a point y g T x such that w x, y, x
 .G 0, then there exist a point x g X and a point y g T x such that
w x , y , x G 0 .
for all x g X.
Proof. First, we prove that there exists a point x g X such that
sup w x , y , x G 0, ; x g X . .
 .ygT x
If this conclusion is false, then for each u g X, there is a point z g X
such that
sup w u , w , z - 0. .
 .wgT u
 .   . 4 XLet S u s ¨ g X : sup w u, w, ¨ - 0 . Then S: X ª 2 is a mul-w g T u.
tivalued mapping with nonempty values. For each u g X and each finite
 4  .subset A s ¨ , ¨ , . . . , ¨ of S u , we have1 2 n
sup w u , w , ¨ - 0, i s 1, 2, . . . , n. .i
 .wgT u
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Hence there is a real number r g R such that
sup w u , w , ¨ - r - 0, i s 1, 2, . . . , n. .i
 .wgT u
 .  .Consequently, for each ¨ g G and each w g T u , by i ,A
w u , w , ¨ F max w u , w , ¨ - r , .  .i
1FiFn
and thus,
sup w u , w , ¨ F r - 0, .
 .wgT u
 .  . Yi.e., ¨ g S u . It shows that S u is H-convex. Since again T : X ª 2 is an
upper semicontinuous multivalued mapping with nonempty compact values
w xand w is upper semicontinuous, by virtue of Proposition 21 in 1, p. 119 we
 .know that sup w u, w, ¨ is upper semicontinuous in u. Conse-w g T u.
quently, for each ¨ g X,
Sy1 ¨ s u g X : ¨ g S u 4 .  .
s u g X : sup w u , w , ¨ - 0 . 5
 .wgT u
 .is open. By Lemma 2, there exists a point u g X such that u g S u , i.e.,
 .  .sup w u, w, u - 0. This contradicts iii . Therefore, there exists aw g T u.
point x g X such that
sup w x , y , x G 0, ; x g X . .
 .ygT x
 .By the upper continuity of w and the compactness of T x , for each
 .  .x g X, there exists a point y x g T x such that
w x , y x , x G 0. . .
T  x . .   .  . 4Let H x s y g T x : w x, y, x G 0 . Then H: X ª 2 is a multival-
 .ued mapping with nonempty acyclic values by ii . Since w is upper
 .semicontinuous and T x is compact and Y is a Hausdorff topological
T  x . T  x .space, H: X ª 2 has a closed graph, and hence H: X ª 2 is an
upper semicontinuous multivalued mapping with closed values.
 .If the conclusion of Theorem 1 is false, then for each y g T x , there
exists a point u g X such that
w x , y , u - 0. .
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X .   . 4  .Let G y s x g X : w x, y, x - 0 . Then G: T x ª 2 is a multivalued
 .mapping with nonempty H-convex values by i , and for each x g X,
y1G x s y g T x : x g G y 4 .  .  .
s y g T x : w x , y , x - 0 4 .  .
 .is open in T x . By virtue of Lemma 1, there exist a point x g X and a0
 .  .  .  .point y g T x such that x g G y and y g H x , i.e., w x, y , x -0 0 0 0 0 0 0
 .0 and w x, y , x G 0. This is a contradiction. Therefore, the conclusion0 0
of Theorem 2 is true. This completes the proof.
Remark 1. In Theorem 1, if X is a nonempty compact convex subset of
a Hausdorff locally convex topological vector space E, Y s E* the conju-
.  .  :  w xgate space of E and w x, y, z s y, x y z by Lemma B of 14 , w is
. w xcontinuous , then Theorem 1 reduces to Theorem 6 in Browder 2 .
  4.THEOREM 2. Let X, G be a compact H-space and Y a HausdorffA
topological space. Let T : X ª 2Y be an upper semicontinuous multi¨ alued
mapping with nonempty compact ¨alues. If functions w, c : X = Y ª R such
that
 .  .i w x, y is H-quasicon¨ ex in x,
 .ii w is upper semicontinuous,
 .   .  . 4  .iii for each x g X, the set y g T x : w x, y G c c is a constant
is acyclic,
 .  .  .iv for each x g X, there exists a point y g T x such that c x, y
G c,
 .  .  .  .v c x, y F w x, y for all x, y g X = Y,
 .then there exist a point x g X and a point y g T x such that
w x , y G c .
for all x g X.
Proof. For each x g X, let
S x s z g X : max w z , y - c , .  . 5
 .ygT x
H x s z g X : sup c z , y - c . .  . 5
 .ygT x
X  .  .Then S, H: X ª 2 are two multivalued mappings such that S x ; H x
 .for all x g X. Since w z, y is H-quasiconvex in z, the set
S x s z g X : w z , y - c 4 .  .F
 .ygT x
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 .  .is H-convex. Let f z, x s max w z, y . For each fixed z g X andy g T  x .
each r g R, let
D s x g X : f z , x G r . 4 .
 4If x : a g I is a net in D such that x ª u, thena a
f z , x G r , ;a g I , .a
i.e.,
max w z , y G r , ;a g I. .
 .ygT xa
 .Consequently, for each a g I, there exists a point y g T x such thata a
 . w x  .w z, y G r. By Proposition 1 in 15 , there exists a point ¨ g T u and aa
 4  4  .  .subnet y of y such that y ª ¨ . By ii , w z, ¨ G r, and henceb a a g I b
 .  .max w z, y G r, i.e., f z, u G r, i.e., u g D. Hence D is closed.y g T u.
 .Consequently, f z, x is upper semicontinuous in x. Hence for each
z g X,
Sy1 z s x g X : z g S x 4 .  .
s x g X : f z , x - c 4 .
is open.
 .If S x / B for all x g X, then by Lemma 2, there exists a point u g X
 .  .  .such that u g H u , i.e., sup c u, y - c. This contradicts iv .y g T u.
 .Therefore, there exists a point x g X such that S x s B, i.e.,
max w x , y G c, ; x g X . .
 .ygT x
T  x .Consequently, the multivalued mapping M: X ª 2 defined by
M x s y g T x : w x , y G c , ; x g X , 4 .  .  .
 .  .  .has nonempty values. By ii , iii , and the compactness of T x we know
T  x .that M: X ª 2 is an upper semicontinuous multivalued mapping with
nonempty compact acyclic values.
 .If the conclusion of Theorem 2 is false, then for each y g T x , there is
 .a point u g X such that w u, y - c, and hence the multivalued mapping
X .G: T x ª 2 defined by
G y s x g X : w x , y - c , ; y g T x , 4 .  .  .
 .  .  .has nonempty values. Again, by i and ii we know that G y is H-convex
y1 .  .   .  .4  .for each y g T x and G x s y g T x : x g G y is open in T x .
 .By virtue of Lemma 1, there exist a point x g X and a point y g T x0 0
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 .  .  .  .such that x g G y and y g M x , i.e., w x , y - c and w x , y G0 0 0 0 0 0 0 0
c. This is a contradiction. Therefore, the conclusion of Theorem 2 is true.
This completes the proof.
Remark 2. Theorem 2 is not comparable with other existence theorems
of solutions for quasi-variational inequalities.
3. A MINIMAX THEOREM
  4.THEOREM 3. Let Y, G be a H-space, X a Hausdorff topologicalA
 .space, and ka X the family of all compact acyclic subsets of X. Suppose the
functions f , g : X = Y ª R such that
 .  .  .  .i f x, y F g x, y for all x, y g X = Y,
 .  .ii for each x g X, f x, ? is H-quasiconca¨ e,
 .  .iii f x, y is W-lower semicontinuous in x,
 .iv g : X = Y ª R is lower semicontinuous and for each y g Y and
  . 4each r g R, the set x g K : g x, y F r is acyclic whene¨er K is compact
acyclic in X.
Then
inf sup f x , y F inf sup min g x , y . .  .
xgX  . xgKKgka XygY ygY
Proof. If
inf sup f x , y ) inf sup min g x , y , .  .
xgX  . xgKKgka XygY ygY
then there exist real numbers a , b such that
inf sup f x , y ) a ) b ) inf sup inf g x , y . .  .
xgX  . xgKKgka XygY ygY
 .Since b ) inf sup inf g x, y , there exists a compactK g k a X . y g Y x g K
 .acyclic subset K of X such that b ) sup inf g x, y . For eachy g Y x g K
y g Y, let
T y s x g K : g x , y F b . 4 .  .
 .  .  .Then T y / B since b ) sup inf g x, y . By iv we may provey g Y x g K
that T : Y ª 2 K is an upper semicontinuous multivalued mapping with
compact acyclic values.
 .  .   . 4For each x g X, let G x s F x s y g Y: f x, y ) a . Then H-
 .  .  .  .  .  .co G x s G x s F x by ii . Since inf sup f x, y ) a , G x /x g X y g Y
  .B for all x g X. Consequently, for each x g X, the set y g Y: f x, y )
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4 a / B, and hence there exists a point y9 g Y such that x g int z g X :
 . 4  .  .f z, y9 ) a by iii so that there is an open neighborhood N x of x such
 .   . 4  .that N x ; z g X : f z, y9 ) a , i.e., y9 g F G z ;z g N  x .
 . YF G z . It shows that the mapping G: K ª 2 has the localz g N x .l K
intersection property.
By virtue of Lemma 1, there exist a point x g K and a point y g Y0 0
 .  .  .such that x g T y and y g F x . It implies g x , y F b and0 0 0 0 0 0
 .  .f x , y ) a . Consequently, a - b by i . This contradicts the choices of0 0
a and b. Therefore,
inf sup f x , y F inf sup min g x , y . .  .
xgX  . xgKKgka XygY ygY
This completes the proof.
w xRemark 3. Theorem 3 improves and develops Theorem 4 of Ha 12
w xand Theorem 3 differs from Theorem 4 of Ha 12 on the method of proof.
4. SECTION THEOREMS
Let X, Y be two sets and A a nonempty subset of X = Y. For each
x g X and each y g Y, we denote
w x w xA x s ¨ g Y : x , ¨ g A , A y s u g X : u , y g A , 4  4 .  .
which are called the sections of A.
  4.THEOREM 4. Let Y, G be a H-space and X a Hausdorff topologicalA
space. Let M, N be two subsets of X = Y such that
 .   . 4   . 4i for each x g X, H-co y g Y: x, y f M ; y g Y: x, y f N ,
 .  w x 4ii the family M y : y g Y of sections of M is closed transfer
complete.
Suppose that there exist a subset Q of N and a compact subset K of X such
that Q is closed in X = Y and
 . w xiii for each y g Y, the section Q y l K is acyclic.
 4Then there exists a point x g K such that x = Y ; M.0 0
 . w x  . w xProof. For each x g X, let G x s Y _ M x , F x s Y _ N x . Then
Y  .  .  .G, F: X ª 2 such that H-co G x ; F x for each x g X by i . Sup-
 .pose G x / B for all x g K. Then for each x g K, there exists a point
w x w x  w xy g Y such that y f M x , i.e., x f M y . Since the family M y :1 1 1
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4y g Y of sections of M is closed transfer complete, there exists a point
w xy9 g Y such that x f M y9 , and hence there is an open neighborhood
 .  . w x  .O x of x such that O x l M y9 s B. Consequently, for each z g O x
w x  .  .we have y9 f M z , i.e., y9 g G z . Hence F G z >z g K l O  x .
 . YF G z / B, i.e., G: K ª 2 has the local intersection property.z g O x .
 . w x KMoreover, for each y g Y, let T y s Q y l K. Then T : Y ª 2 has a
closed graph since Q is closed in X = Y and K is compact, and hence T :
K  . w xY ª 2 is upper semicontinuous, and T y s Q y l K is compact acyclic
 .for each y g Y by iii and closeness of Q. By virtue of Lemma 1, there
 .exist a point x g K and a point y g Y such that x g T y and0 0 0 0
 .  .  .y g F x , i.e., x , y g Q ; N and x , y f N. This is a contradic-0 0 0 0 0 0
 .tion. Therefore, there exists a point x g K such that G x s B, and0 0
w x  4hence M x s Y, i.e., x = Y ; M. This completes the proof.0 0
  4.COROLLARY 5. Let Y, G be a H-space and X a Hausdorff topologicalA
space. Let M, N be two subsets of X = Y such that
 .   . 4i N ; M and for each x g X, the set y g Y: x, y f N is H-
con¨ex,
 .  w x 4ii the family M y : y g Y of sections of M is closed transfer
complete.
Suppose that there exist a subset Q of N and a compact subset K of X such
that Q is closed in X = Y and
 . w xiii for each y g Y, the section Q y l K is acyclic.
 4Then there exists a point x g K such that x = Y ; M.0 0
When M s N, we obtain the following:
  4.COROLLARY 6. Let Y, G be a H-space and X a Hausdorff topologicalA
space. Let M be a subset of X = Y such that
 .   . 4i for each x g X, the set y g Y: x, y f M is H-con¨ex,
 .  w x 4ii the family M y : y g Y of sections of M is closed transfer
complete.
Suppose that there exist a subset Q of M and a compact subset K of X such
that Q is closed in X = Y and
 . w xiii for each y g Y, the section Q y l K is acyclic.
 4Then there exists a point x g K such that x = Y ; M.0 0
 .Remark 4. Corollary 6 consequently, Theorem 4 and Corollary 5
w ximproves and develops Theorem 3 in Ha 12 and the well-known Fan's
 w x.section theorem see also 6 .
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5. A NEW COINCIDENCE THEOREM
THEOREM 7. Let X be a nonempty compact subset of a Hausdorff
topological space Z and Y a nonempty con¨ex subset of a locally con¨ex
Hausdorff topological ¨ector space E. Suppose that f : X ª Y is a single
¨alued continuous mapping and T : Y ª 2 X is an upper semicontinuous
multi¨ alued mapping with closed acyclic ¨alues. Then there exists a point
w  .xx g X such that x g T f x .0 0 0
  4.Proof. For each finite subset A of Y, let G s co A. Then Y, G is aA A
H-space. For each open convex zero-neighborhood U of E, define a
multivalued mapping F : Z ª 2Y byU
F x s f x q U l Y , ; x g Z. .  .U
w xThen F has open graph in Z = Y by Lemma 2.1 of 23 , and hence FU U
 .has the local intersection property. Obviously, F x is a nonempty convexU
subset of Y for each x g X. By virtue of Lemma 1, there exist a point
 .  .x g X and a point y g Y such that x g T y and y g F x . SinceU U U U U U U
 4X is compact, we may suppose that the net x converges to x , andU 0
 .  . Xhence f x ª f x s y . Obviously, y ª y . Since again T : Y ª 2 isU 0 0 U 0
an upper semicontinuous multivalued mapping with nonempty compact
 .  .values and x g T y , there exist a point z g T y and a subnet ofU U 0 0
 4 w x  4x converging to z by Proposition 1 of 18 . But the net x convergesU 0 U
 . w  .xto x , x s z g T y s T f x . This completes the proof.0 0 0 0 0
Remark 5. In Theorem 7, if X is a nonempty compact subset of Y and
  . .f s i i x s x, ; x g X , then Theorem 7 reduces to the well-known
 w x.Himmelberg fixed point theorem see also 11 .
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